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Abstract
The dynamics of two coupled spins of 1/2 coupled to spin-bath of a quantum Heisenberg XY
type [1, 2] is studied. The center pair of spins served as an quantum open subsystem were ini-
tially prepared in a Bell state or a product state and the bath consisted of N (N → ∞ as the
thermodynamic limit) spins-1/2 is in a thermal state at different temperatures from the beginning.
Transformed by the Holstein-Primakoff operator, the model will be treated effectively as two spin
qubits embedded in a single mode cavity. Then the von-Neumann entropy, z-component summa-
tion and the concurrence of the center spins can be determined by a novel polynomial scheme for
the time-evolution of quantum systems. It is found that (i) with increasing temperature, the bath
plays a more strong destroy effect on the coherence or entanglement of the subsystem; (ii) the
larger the coupling strength between the subsystem spins, the less the variation of the initial state;
(iii) the stronger the interaction between the subsystem and the bath, the faster the variation of
the initial state.
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I. INTRODUCTION
Compared with some physical systems [3], solid-state devices, in particular, ultra-small
quantum dots [4] with spin degrees of freedom embedded in nanostructured materials are
more easily scaled up to large registers and they can be manipulated by energy bias and
tunneling potentials [5]. Thus the spin systems are very promising candidates for quantum
computation [5, 6, 7]. Inevitably, the spin qubits are open systems [8, 9] subjected to the
interactions with their environments. In a short time, the states of the qubits will relax into
a set of “pointer states” in the Hilbert space [10]; and the entanglement between the spin
qubits will also vanish, which is the most intriguing feature of quantum composite system
and the vital resource for quantum computation and quantum communication [7, 11]. These
are so-called decoherence and disentanglement processes. These two disadvantages will not
be overcome until the modelling of the surrounding environment or bath of the spin systems.
For solid state spin nano-devices, the quantum noise mainly arises from the contribution
of nuclear spins, which could be regarded as a spin environment. Recently, there are lots of
works were devoted to study the behavior of center spins under the strong non-Markovian
influence of a spin-bath [12, 13]. Lucamarini et al. made use of perturbative expansion
method [14] and mean-field approximation [15] to study the temporal evolution of entan-
glement pertaining to two qubits interacting with a thermal bath. They found entangled
states with an exponential decay of the quantum correlation at finite temperature. Hutton
and Bose investigated a star network of spins, in which all spins interact exclusively and
continuously with a central spin through Heisenberg XX couplings of equal strength. Their
work was advanced by Hamdouni et al. [16], who derived the exact reduced dynamics
of a central two-qubit subsystem in the same bath configuration. And they also studied
the entanglement evolution of the central system. Yuan et al. [2] used a novel operator
technique to obtain the dynamics of the two coupled spins in quantum Heisenberg XY
high symmetry spin model. The results of all the above works are very exciting. Yet
their methods are of some kinds of complex analytical derivation. And in Ref. [2], their
analytical results are dependent on some particular initial states. Thus we introduce a “half
analytical and half numerical” method here to solve this kind of open quantum problem.
Our method is initial states independent.
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In this paper, we study an open two-spin-qubit system in a spin star-like configuration,
which is similar to the cases studied in Ref. [2, 16]. First, we use Holstein-Primakoff
transformation to reduce the model to a effective Hamiltonian. Then, we can use a numerical
simulation to obtain the reduced dynamics of the two coupled spin qubits. During our
numerical calculation, there are no approximations assumed and the initial state of the
subsystem (consisted by the two spin qubits) can be arbitrary. We find some results about
the von-Neumann entropy, the z-component summation, and the concurrence of the center
open spin subsystem in the thermal limit. The rest of this paper is organized as follows. In
Sec. II the model Hamiltonian and the operator transformation procedure is introduced. In
Sec. III, we explain the numerical techniques about the evolution of the reduced matrix for
the subsystem; Detailed results and discussions are in Sec. IV; The conclusion of our study
is given in Sec. V.
II. MODEL AND TRANSFORMATION
Consider a two-spin-qubit subsystem symmetrically interacting with bath spins via a
Heisenberg XY interaction: The subsystem and the bath are composed of spin-1/2 atoms.
Every spin in the bath interacts with the two center spins of equal strength, similar to the
cases considered in [1, 2, 17, 18]. The interactions between bath spins are also of XY type.
The Hamiltonian for the total system is


















































Here, HS and HB are the Hamiltonians of the subsystem and bath respectively, and HSB
is the interaction between them [1, 2, 19]. µ0 represents the coupling constant between
a locally applied external magnetic field in the z direction and the spin qubit subsystem.
Ω is the coupling constant between two qubit spins. S+0i and S
−
0i (i=1,2) are the spin-flip
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i are the corresponding operators of the ith atom spin in the bath. The indices i
of the summation for the spin bath run from 1 to N , where N is the number of the bath
atoms. g0 is the coupling constant between the qubit subsystem spins and bath spins,
whereas g is that between the bath spins.




i into Eq. 3, we





















(J+J− + J−J+)− g, (7)








































































Eqs. 2, 11 and 12 are then effectively equivalent to the Hamiltonian of a Jaynes-Cumming
model [2]. They describe two coupled qubits interacting with a single-mode thermal bosonic
bath field, so the analysis of the revised model is just like a nontrivial problem in the
field of cavity quantum electrodynamics [21, 22]. We note here that due to the transition
invariance of the bath spins in our model, it is effectively represented by a single collective
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environment pseudo-spin J in Eq. 8. After the Holstein-Primakoff transformation and in the
thermodynamic limit, this collective environment pseudo-spin could be considered a single-
mode bosonic thermal field. The effect of this single-mode environment on the dynamics of
the two coupled qubits is interesting. In Sec. IV, we will show some results, for example, the
revival behavior of the reduced density matrix or entanglement evolution of the two coupled
spins. This can be used in real quantum information application.
III. NUMERICAL CALCULATION PROCEDURES
The initial density matrix of the total system is assumed to be separable, i.e., ρ(0) =
|ψ〉〈ψ| ⊗ ρB. The density matrix of the spin bath satisfies the Boltzmann distribution, that
is ρB = e




is the partition function, and the Boltzmann
constant kB has been set to 1 for simplicity. The density matrix ρ(t) of the whole system
can formally be derived by
ρ(t) = exp(−iHt)ρ(0) exp(iHt), (13)
ρ(0) = ρS(0)⊗ ρB(0), (14)
ρS(0) = |ψ(0)〉〈ψ(0)|. (15)
In order to find the density matrix ρ(t), we follow the method suggested by Tessieri et al.














Here |φm〉, m = 1, 2, 3, · · · ,M , are the eigenstates of HB, and Em the corresponding eigen
energies. In this study, |φm〉 = |m〉 and Em = 2gm according to the form of Eq. 12, so that
ωm = exp(−2gm/T ) and Z = 1/(1− e−2g/T ). With this expansion, the density matrix ρ(t)







|Ψm(t)〉 = exp(−iHt)|Ψm(0)〉 = U(t)|Ψm(0)〉. (20)
The initial state is
|Ψm(0)〉 = |ψ(0)〉|m〉.
The evolution operator U(t) can be evaluated by different methods. In Ref. [2], they use a
unique analytical operator technique. Here, we apply an efficient numerical algorithm based
on polynomial schemes [24, 25, 26] into this problem. The method used in this calculation
is the Laguerre polynomial expansion method we proposed in Ref. [24], which is pretty
well suited to many quantum systems, open or closed, and can give accurate result in a
comparatively smaller computation load. More precisely, the evolution operator U(t) is












where α distinguishes different types of Laguerre polynomials [27], k is the order of the
Laguerre polynomial. In real calculations the expansion has to be cut at some value of
kmax, which was optimized to be 20 in this study. With the largest order of the expansion
fixed, the time step t is restricted to some value in order to get accurate results of the
evolution operator. For longer times the evolution can be achieved by more steps. The
action of the Laguerre polynomial of Hamiltonian to the states is calculated by recurrence
relations of the Laguerre polynomial. The efficiency of this polynomial scheme [24] is about
8 times as that of the Runge-Kutta algorithm used in Ref. [23]. When the states |Ψm(t)〉
are obtained, the density matrix can be obtained by performing a summation in Eq. (19).
Although theoretically we should consider every energy state of the single-mode bath
field: M →∞, but the contribution of the high energy states |m〉, m > mC (mC is a cutoff
to the spin bath eigenstates) is found to be neglectable due to their very tiny weight value
ωm, as long as the temperature is finite. That is to say, Eq. (19) could be changed into the






After obtaining the density matrix of the whole system, the reduced density matrix is
calculated by a partial trace operation to ρ(t), which trace out the degrees of freedom of the
environment:
ρS(t) = TrB (ρ(t)) . (22)
For the model of this paper, ρS = |ψ〉〈ψ| is the density matrix of the open subsystem consists
of two coupled center spins, which can be expressed as a 4× 4 matrix in the Hilbert space
of the subsystem spanned by the orthonormal vectors |00〉, |01〉, |10〉 and |11〉. The most
general form of an initial pure state of the two-qubit system is
|ψ(0)〉 = α|00〉+ β|11〉+ γ|01〉+ δ|10〉, (23)
with |α|2 + |β|2 + |γ|2 + |δ|2 = 1. (24)
IV. NUMERICAL SIMULATION RESULTS AND DISCUSSIONS




































FIG. 1: Time evolution of (a) von Neumann entropy and (b) z-component oscillation for an initial
two-qubit state of |ψ(0)〉 = |11〉 for different values temperature: T = 0.2g (solid curve), T = 2g
(dashed curve) and T = 10g (dot dashed curve). Other parameters are µ0 = 2g, g0 = g, Ω = 0g.
Based from the reduced density matrix, any physical quantities of the subsystem can
be obtained easily. In the following we concentrate on three important physical quantities
of the subsystem which reflect the quantum information capacity, the decoherence speed
and the entanglement degree of the subsystem state. These quantities are (i) the time
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FIG. 2: Time evolution of (a) von Neumann entropy and (b) z-component oscillation for an initial
two-qubit state of |ψ(0)〉 = |11〉 for different values Ω: Ω = 0g (solid curve), Ω = 2g (dashed curve)
and Ω = 5g (dot dashed curve). Other parameters are µ0 = 2g, g0 = g, T = 5g.
































FIG. 3: Time evolution of (a) von Neumann entropy and (b) z-component oscillation for an initial
two-qubit state of |ψ(0)〉 = |11〉 for different values g0: g0 = 0.2g (dot dashed curve), g0 = g
(dashed curve) and g0 = 5g (solid curve). Other parameters are µ0 = 2g, Ω = 0g, T = 5g.
dependence of von Neumann’s entropy, i.e. SvN = −Tr(ρS log2 ρS) = −
∑
i(ei log2 ei), where
ei are the eigenvalues of the subsystem density matrix ρS, which characterizes the purity
or information capacity of the state of the system [10]; (ii) the z-component of the center
spins, i.e. 〈Sz01 + Sz02〉, which demonstrates the decoherence rate of the system; (iii) the
time-evolution of concurrence [28, 29] for the two center spins of the open subsystem. The
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FIG. 4: Time evolution of (a) von Neumann entropy and (b) Concurrence for an initial two-qubit
state of |ψ(0)〉 = 1/√2(|01〉 + |10〉) for different values temperature: T = 2g (solid curve), T = 5g
(dashed curve) and T = 20g (dot dashed curve). Other parameters are µ0 = 2g, g0 = g, Ω = 0g.
























FIG. 5: Time evolution of (a) von Neumann entropy and (b) Concurrence for an initial two-qubit
state of |ψ(0)〉 = 1/√2(|01〉 + |10〉) for different values Ω: Ω = 0g (solid curve), Ω = 2g (dashed
curve) and Ω = 5g (dot dashed curve). Other parameters are µ0 = 2g, g0 = g, T = 5g.
concurrence of the two spin-1/2 system is an indicator of their intra entanglement, which is
defined as [28]:
C = max{λ1 − λ2 − λ3 − λ4, 0}, (25)
where λi are the square roots of the eigenvalues of the product matrix ρS(σ
y⊗σy)ρ∗S(σy⊗σy)
9
























FIG. 6: Time evolution of (a) von Neumann entropy and (b) Concurrence for an initial two-qubit
state of |ψ(0)〉 = 1/√2(|01〉 + |10〉) for different values g0: g0 = 0.2g (dot dashed curve), g0 = g
(dashed curve) and g0 = 5g (solid curve). Other parameters are µ0 = 2g, Ω = 0g, T = 5g.
























FIG. 7: Time evolution of (a) von Neumann entropy and (b) Concurrence for an initial two-qubit
state of |ψ(0)〉 = 1/√2(|00〉 + |11〉) for different values Ω: Ω = 0g (solid curve), Ω = 2g (dashed
curve) and Ω = 5g (dot dashed curve). Other parameters are µ0 = 2g, g0 = g, T = 5g.
in decreasing order.
Theoretically, our method can deal with time evolution of the subsystem from any initial
state. Here we first discuss a case of product state |ψ(0)〉 = |11〉, which means the two center
spins are in their excited states. We plot the time evolution of the quantum entropy in Fig.
10
























FIG. 8: Time evolution of (a) von Neumann entropy and (b) Concurrence for an initial two-qubit
state of |ψ(0)〉 = 1/√2(|00〉 + |11〉) for different values g0: g0 = 0.2g (dot dashed curve), g0 = g
(dashed curve) and g0 = 5g(solid curve). Other parameters are µ0 = 2g, Ω = 0g, T = 5g.
1(a) and the expecting value of the z-component in Fig. 1(b) at different temperature. We
can find that, (i) at a very low temperature, both the quantities display a nearly periodically
oscillation, which is identical with the two photons resonance of two two-level atoms in a
cavity. In Fig. 1(a), the state of the first valley points (t1 = 2.468g) along the solid line is
ρS(t1) = 0.9169|11〉〈11|+ 0.0574|00〉〈00|+ 0.02574|B〉〈B|,
where |B〉 = 1/√2(|01〉+ |10〉), and that of the second one (t2 = 4.972g) is
ρS(t2) = 0.9992|11〉〈11|+ 0.0008|00〉〈00|+ 0.00002|B〉〈B|,
which could be approximated as its start state |11〉〈11|; (ii) with increasing temperature,
their oscillations are damped by the thermal bath: For the von-Neumann entropy, SvN → 1
as a most mixed state (to see the dot dashed curve in Fig. 1(a)); For the z-component
summation of the two spins, it means the degeneration of their magnetic moment (to see
the dot dashed curve in Fig. 1(b)). Then we keep the bath at a moderate temperature
T = 5g to research the effect of the coupling strength between the two center spins. In
Fig. 2(a), with increasing Ω, the correlation of the two spins are strengthened so that the
leakage of the information about the open subsystem is reduced. In Fig. 2(b), the whole
magnetic moment oscillates around a value 〈Sz01 + Sz02〉 = 0.6 when Ω is as large as 5g. The
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effect of the coupling strength between the qubit subsystem spins and bath spins g0 can be
found in Fig. 3. At a large value g0 = 5g, the strong interaction with the bath will quickly
change the pure state of the subsystem into a most mixed state (to see the solid curve in
Fig. 3(a)); on the contrary, at a small value g0 = 0.2g, the initial state can be preserved to
a great extent as the dot dashed curve in Fig. 3(b).
Then we show the results of the temporal evolution of the quantum entropy
and concurrence from a most entangled state (one of the well-known Bell states)
|ψ(0)〉 = 1/√2(|01〉+ |10〉). As is known, the entropy of one particle inside a Bell states is
1, which is sure in a most mixed state. On one hand in Fig. 4(a), at any finite temperature,
the entropy will return 1 after some fluctuation; on the other hand in Fig. 4(b), the
entanglement degree between the two coupled spins will quickly decay to zero and make
some fluctuations accidently. The magnitudes of these fluctuations decrease with increasing
temperature. In Fig. 5(a), the effect of subsystem inner-coupling Ω on the entropy is so
weak that the greatest variation of that is less than 0.08; Yet, in Fig. 5(b), the concurrence
can restore to some extent with increasing Ω. From the above comparison, we find that the
von-Neumann entropy is not a very good measure of this subsystem state as concurrence.
In Fig. 6, with decreasing interaction between the open subsystem and the bath g0, the
influence of the bath spins on the subsystem is reduced. As is shown in Fig. 6(b), at
g0 = 0.2g, the dot dashed line oscillates around the C = 0.7.
Comparing Fig. 5 with Fig. 7, we also find that the behavior of the reduced density
matrix for the open subsystem is dependent on different initial state even they are of Bell
states. The fluctuation in Fig. 5(b) is more frequent than that in Fig. 7(b). It is also
shown in the comparison of Fig. 6 with Fig. 8. Besides, in Fig .6(b), when g0 is small,
the concurrence can be maintained for a long time; while in Fig .8(b), it is evidently damped.
V. CONCLUSION
We have studied the dynamics of quantum entropy, z-component summation and con-
currence of two coupled qubit spins under the influence of a bath consisted of infinite spins
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in a quantum Heisenberg XY model. We use a novel numerical polynomial scheme in the
the time-evolution calculation for the reduced density matrix of the center qubits after the
model Hamiltonian has been operated by the well-known Holstein-Primakoff transformation
instead of the analysis scheme given in Ref. [2]. The time evolution of different initial states,
either a product state or Bell ones, are obtained. It is found that the dynamics of the sub-
system depends on their initial state, the bath temperature, the inner-coupling between the
two center spins and the interaction between the subsystem and the environment. And the
method is independent of the initial state, which can be applied to more kinds of quantum
systems.
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